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Stiffness-Matrix Condition Number
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Introduction

OR static response, the condition number of the stiffness
matrix is an upper bound to the amplification of errors in
structural properties and loads. However, even though typical
stiffness matrices have condition numbers larger than one mil-
lion, we do not expect that errors or variations in the structure
or loads would be amplified so much. The present Note seeks
to explain why in most cases our expectation is fulfilled. It also
presents an example of a case associated with shape sensitivity
analysis where the worst-case scenario predicted by the condi-
tion number is much closer to the actual error amplification.
A criterion is proposed that is closer to the actual error magni-
fication than the condition number.
Consider the discretized equations of equilibrium of static
response such as those generated by a finite-element model

Ku =f M

where K is the n X n symmetric, positive, definite, stiffness
matrix, u the displacement vector, and f the load vector. The
condition number of K, c(K) is defined as

cK)=[IK|l |IK | @)
when the 2-norm is used

c(K) =N/ N 3
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where \; denotes the ith eigenvalue of K. It is well known (e.g.,
see Ref. 1) that ¢(K') is an upper bound on the sensitivity of u
to perturbations in K and f. That is, if we perturb f by Af then

[l Aujl ol
— =< c(K)——= (4)
lull 1
and if we perturb K by AK then
Laul _ o I2K] (5)
llee + Aull &l

The condition number for most stiffness matrices generated by
finite-element models runs into the millions. This would ap-
pear to indicate that the computed displacement field can be
extremely sensitive to small errors in the stiffness matrix and
force vectors. In spite of this theoretical sensitivity, we con-
tinue to approximate the stiffness matrix (e.g., by reduced
integration) and the force vector (e.g., lumping loads) without
fear of the huge amplification of errors predicted by the condi-
tion number. It is known, in fact, that the condition number
may be an overly conservative estimate of error sensitivity.?

The condition number is particularly overconservative for
predicting sensitivity to changes in the load vector. For a given
K and f, it is always possible to find a AK to make Eq. (5) an
equality. Also, c¢(K) can be a good predictor of roundoff error
amplification so that if the condition number is 107 and we
work with 7-digit numbers, the errors in % can be very large. In
the following it is assumed that the number of digits available
for computation is much larger than the condition number (a
typical case in finite-element computation is ¢(K) = 107 with
15-digit computations). However, it is not usually possible to
find a Af to make Eq. (4) an equality.? The present Note
derives a sharper estimate for sensitivity to load errors. It also
presents a case where the extreme sensitivity predicted by the
condition number is more closely realized.

Error Analysis

Let the eigenvectors of K be denoted as u;, i = 1,...,n nor-
malized to ||#|[= 1 with \; being the corresponding eigenval-
ues. We expand the load vector in terms of the eigenvectors as

£= You, ©

i=1
and similarly the perturbation or error in the load as
n
Af = Y Aoy %
/=1
It is then easy to check that u can be obtained as

u =

N

(0 /N)u; 3

i=1

with a similar expansion for Au. The error amplification fac-
tor e is defined as

Au A
L _llau] a7 o
laull (171
Using the orthonormality of the eigenvectors we get
n 2 2 n 2
2 (E7_Ac /N)ET S o) (10)

C(E el /ADEL Aa])

It is easy to check that the worst case is when the perturbation
is in the shape of the first eigenvector, Af = Aa,u, so that an
upper bound on e, called here the error magnification index
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and denoted ¢, is given as

1
oy - LU
Ml

Equation (11) predicts that the error amplification is large
when || || is large and || |} is small. This will happen when f'is
in the shape of a combination of higher eigenvectors [see Eqgs.
(6) and (8)]. For example f can be highly oscillatory in its
spatial distribution or in a high, aspect-ratio, beam-type struc-
ture, f could correspond to shear loading. For f = o,u, and
Af = Aajuy, we get

e=e, =N/N=c(K) (12)

so that when the load is in the shape of the last eigenvector,
and the load error is in the shape of the first eigenvector, the
error amplification is indeed equal to the condition number.

The error magnification index e,, given by Eq. (11) is a much
sharper estimate of error amplification than the condition
number ¢(XK). In fact, for a force in the shape of the first
eigenvector, f = ou;, Eq. (11) gives e,, = 1, so that there is no
error amplification no matter how high the condition number.
Because in most practical situations, fis a linear combination
of the first few eigenvectors, e,, is much smaller than c(X), and
we do not get large force-error magnification even when the
condition number is high.

an

Application to Shape Sensitivity

We can obtain the sensitivity derivative u’ of the displace-
ment with respect to a structural parameter v by differentiating
Eq. (1) as

Ku' = -K'u=f, (13)

where a prime denotes a derivative, and it is assumed that f

does not depend on structural parameter. The right side of Eq.

(13) f, is called the pseudoload, and it is often approximated

as

_K(v + Av) —K(v)u
Av

that is by a forward finite-difference approximation. This ap-
proach to calculating «’ is called the semianalytic method and
is implemented in NASTRAN and other finite-element pro-
grams. For beam and platelike structures a semianalytical
method can result in large errors due to the approximation of
Eq. (14) when v is a shape parameter.>* This behavior is now
analyzed with the aid of the error magnification factor index
of Eq. (11).

Consider the cantilever beam shown in Fig. 1. The beam is
divided into m finite elements (which yield the exact solution
for any m). The components of u are the normal displacement
w; and slope 6; at the nodes given by

Jo= —Ku= (14)

Mx}? Mi2L? Mx; MiL .
Wiz-ﬁzm’ ,-=E =;E‘—I’ 1=O,1,...,m (15)
The derivatives of w; and 8; with respect to L are
Mi’L _ M__x,2 . M My

T mEI  EIL (16)

As was noted in Ref. 4, w’ and 6’ are not matched in the sense
that ¢ is not the slope of w’.

w; = 2= s
Elm* EIL
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Fig. 1 Geometry, loading, and discretization for cantilever beam.
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Table 1 Dependence of condition number, error magnification
index, and actual errors in semianalytical, tip-rotation derivatives on
the number of elements

Derivative Derivative
w.r.t.L w.r.t.h
Number of  Condition Percent error Percent error
elements number eq? intip rotation ey in tip rotation
1 19.3 5.67 4 1.1 1.0
2 420 49.1 16 1.3 1.0
3 2200 135 35 1.5 1.0
4 6900 273 62 1.7 1.0
5 16,660 472 97 1.9 1.0
6 34,000 737 140 2.0 1.0
7 62,400 1076 190 2.2 1.0
8 105,000 1500 249 2.3 1.0
9 167,000 2000 314 2.4 1.0
10 253,000 2590 388 2.5 1.0
N FA
N

In fact, as m goes to infinity, we get from Eq. (16) that
CALAP an
ax
That is, the derivatives of the displacements and rotations are
mismatched in that the derivative of the slope is only one half
of the slope of the derivative. This mismatch between w’ and
@’ results in a u’ representing a displacement shape where each
element is being bent into an s-shape, no matter how many
elements we have. When m is large, this is a short-wave dis-
placement shape that would be represented by the last few
eigenvectors of K. The error analysis of the previous section
would then predict the potential for large error magnifica-
tion—especially for long-wave errors. The error magnification
index for the derivative e, is defined based on Eqs. (11) and
(13) as

_ L%l
€g = B
Afju |

The large errors associated with the semianalytical method for
shape derivatives are in contrast to the small errors for size or
stiffness derivatives. To show that the error magnification
index discriminates between the two, we compare the deriva-
tive with respect to the length of the beam with the derivative
with respect to the height A of the cross section of the beam
(assumed to have a rectangular cross section). The pseudoload
J» is calculated from Eq. (14) for a change in length or height
corresponding to 1% of the nominal value. The error in f, is
then of the order of 1%.

The effect of number of elements on the error magnification
index and the actual error is shown in Table 1. For derivatives
with respect to length, e, increases rapidly with the number of
elements lagging behind the condition number by about one to
two orders of magnitude. The actual error also increases fast
though not as fast as e;. The potential error magnification of
ey is not realized because the error in f, due to the finite-differ-
ence approximation of Eq. (14) is not in the shape of the lowest
eigenvector [which is the worst-case scenario assumed in Eq.
(1D].

The error magnification index for the height derivative in-
creases very slowly with the number of elements and predicts
well the sensitivity of that derivative to errors in the pseudo-
load. A 1% perturbation in a design variable for the purpose
of derivative calculation is too large for most practical exam-
ples. However, for this example, the errors in the semianalyti-
cal method are almost exactly proportional to the perturbation
so that the errors in Table 1 (columns 4 and 6) simply scale as
the perturbation size is scaled.

18)

Concluding Remarks

An error magnification index was proposed for assessing the
sensitivity of the displacement field to errors in the load vector.
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The index is less conservative than the condition number of the
stiffness matrix and reflects the fact that for some cases, no
error magnification occurs even when the condition number is
very high. The proposed index was applied to calculation of
derivatives of beam response to changes in the beam structural
parameters by the semianalytical method. The calculation of
derivative with respect to length is very sensitive to errors;
whereas the calculation of derivative with respect to cross-sec-
tional height is not. The proposed index indiscriminated well
between these two cases.
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Accuracy of Condensed Eigenvalue
Solution
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1. Introduction

LARGE number of degrees of freedom are used to

model complex structures. Efficient solution of the re-
sulting eigenvalue problem is of the utmost importance for
dynamic analysis. One way of dealing with complex structures
is to partition the structure into a number of substructures.
Lower natural frequencies and modal vectors of the complete
structure can be calculated using the Guyan reduction method.
In this case, the boundary nodes of substructures determine
the master degrees of freedom for the condensation. The
accuracy of the natural frequencies calculated in this manner
are determined by the relative magnitude of the natural fre-
quencies of the substructures corresponding to fixed boundary
degrees of freedom. The substructure natural frequencies
should be very large compared to the global natural frequen-
cies to be calculated; otherwise, the solution of a frequency-
dependent eigenvalue problem is necessary in order to obtain
natural frequencies accurately. In this Note, a computation-
ally efficient method is presented for the solution of this
nonlinear eigenvalue problem.
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Condensation of Stiffness and Mass Matrices

Free vibration analysis of structures results in a matrix
equation of the form

[KIEU - NMI{ U} = {0} 1)
where [K] and [M] are the stiffness and mass matrices, respec-
tively, {U} is the modal vector, and A is the square of the
natural frequency. If this system of equations is partitioned,

separating the boundary and internal degrees of freedom, the
following equation system is obtained:

52 2oL -0 o
K Kp| (U Mp My (U 0
From the second row of these matrix equations,

U= —(Kyp —\Mp)~ ' (Kip —\M5)Ug (3)
Here, we consider the complete solution of the eigenvalue
problem in which only the internal degrees of freedom are
present:

Ky —NM)W =0 (4)
where A is a diagonal matrix having substructure eigenvalues
on its diagonal, and W is the substructure modal matrix.
Using the identities

WTMW =1 (52)
WTKyW =A (5b)
Eq. (3) can be rewritten as

U= —WA-N)"'"WT(K;p —\Mp)Up (6)

where 7 is the identity matrix.
The first row of Eq. (2) gives

(K —NMpp)Up + (Kpr — MM )Ur=0 W)
Equation (6) is substituted in Eq. (7) to give
(Kpp —ANMpp)Us

~ (K —NMp)WA~N)"'"WT (K —\M3)Up =0 (8)
or
DMNUp=0

Expansion of the second term in Eq. (8) results in the follow-
ing expression for the dynamic stiffness matrix:

DN =Ky—A\My—AG(A—-N)"'GT )
where
K(): KBB _KBIKIYIKIB

Mo=Mpgp + KgKj; '"MyK 1 'Kip —Kp K g 'Myg — Mg K7 'K
GZMB[I/V—I<31VV/\A1
In Guyan reduction, the last term in Eq. (9) is neglected.
Hence, a linear eigenvalue problem is obtained. The effect of

this term on the accuracy of the eigenvalues is determined by
the magnitude of the diagonal entries

MN—N)

where \; are the substructure eigenvalues obtained from Eq.
(4). It is shown in Ref. 1 that the error in the ith eigenvalue is



